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INNER AND OUTER AUTOMORPHISMS
OF FREE METABELIAN NILPOTENT LIE ALGEBRAS
VESSELIN DRENSKY AND S¸EHMUS FINDIK
Abstract. Let Lm,c be the free metabelian nilpotent of class c Lie algebra
of rank m over a field K of characteristic 0. We describe the groups of inner
and outer automorphisms of Lm,c. To obtain this result we first describe the
groups of inner and continuous outer automorphisms of the completion F̂m
with respect to the formal power series topology of the free metabelian Lie
algebra Fm of rank m.
Introduction
Let Lm be the free Lie algebra of rank m ≥ 2 over a field K of characteristic
0 with free generators x1, . . . , xm and let Lm,c = Lm/(L
′′
m + L
c+1
m ) be the free
metabelian nilpotent of class c Lie algebra. This is the relatively free algebra of
rank m in the variety of Lie algebras A2 ∩Nc, where A
2 is the metabelian (solvable
of class 2) variety of Lie algebras and Nc is the variety of all nilpotent Lie algebras
of class at most c.
The initial goal of our paper was to describe the groups of inner automor-
phisms Inn(Lm,c) and outer automorphisms Out(Lm,c) of the Lie algebra Lm,c.
The automorphism group Aut(Lm,c) is a semidirect product of the normal sub-
group IA(Lm,c) of the automorphisms which induce the identity map modulo the
commutator ideal of Lm,c and the general linear group GLm(K). Since Inn(Lm,c) ⊂
IA(Lm,c), for the description of the factor group Out(Lm,c) = Aut(Lm,c)/Inn(Lm,c)
it is sufficient to know only IA(Lm,c)/Inn(Lm,c).
The composition of two inner automorphisms is an inner automorphism obtained
by the Baker-Campbell-Hausdorff formula which gives the solution z of the equation
ez = ex · ey for non-commuting x and y. If x, y are the generators of the free
associative algebra A = K〈x, y〉, then z is a formal power series in the completion Â
with respect to the formal power series topology. The homogeneous components of
z are Lie elements. Hence, it is natural to work in the completion F̂m with respect to
the formal power series topology of the free metabelian Lie algebra Fm = Lm/L
′′
m
and to study the groups of its inner automorphisms and of its continuous outer
automorphisms. Then the results for Inn(Lm,c) and Out(Lm,c) follow easily by
factorization modulo (F̂m)
c+1. Gerritzen [G] found a simple version of the Baker-
Campbell-Hausdorff formula when applied to the algebra F̂2. This provides a nice
expression of the composition of inner automorphisms in F̂m.
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A result of Shmel’kin [Sh] states that the free metabelian Lie algebra Fm can be
embedded into the abelian wreath product AmwrBm, where Am and Bm are m-
dimensional abelian Lie algebras with bases {a1, . . . , am} and {b1, . . . , bm}, respec-
tively. The elements of AmwrBm are of the form
∑m
i=1 aifi(t1, . . . , tm)+
∑m
i=1 βibi,
where fi are polynomials in K[t1, . . . , tm] and βi ∈ K. This allows to introduce par-
tial derivatives in Fm with values in K[t1, . . . , tm] and the Jacobian matrix J(φ) of
an endomorphism φ of Fm. Restricted on the semigroup IE(Fm) of endomorphisms
of Fm which are identical modulo the commutator ideal F
′
m, the map J : φ→ J(φ)
is a semigroup monomorphism of IE(Fm) into the multiplicative semigroup of the
algebra Mm(K[t1, . . . , tm]) of m×m matrices with entries from K[t1, . . . , tm]. We
give the explicit form of the Jacobian matrices of inner automorphisms of F̂m and
of the coset representatives of the continuous outer automorphisms in IOut(F̂m).
Finally we transfer the obtained results to the algebra Lm,c and obtain the
description of Inn(Lm,c) and IOut(Lm,c).
1. Preliminaries
Let Lm be the free Lie algebra of rank m ≥ 2 over a field K of characteristic
0 with free generators x1, . . . , xm and let Lm,c = Lm/(L
′′
m + L
c+1
m ) be the free
metabelian nilpotent of class c Lie algebra. It is freely generated by y1, . . . , ym,
where yi = xi + (L
′′
m + L
c+1
m ), i = 1, . . . ,m. We use the commutator notation for
the Lie multiplication. Our commutators are left normed:
[u1, . . . , un−1, un] = [[u1, . . . , un−1], un], n = 3, 4, . . . .
In particular,
Lkm = [Lm, . . . , Lm]︸ ︷︷ ︸
k times
.
For each v ∈ Lm,c, the linear operator adv : Lm,c → Lm,c defined by
u(adv) = [u, v], u ∈ Lm,c,
is a derivation of Lm,c which is nilpotent and ad
cv = 0 because Lc+1m,c = 0. Hence
the linear operator
exp(adv) = 1 +
adv
1!
+
ad2v
2!
+ · · · = 1 +
adv
1!
+
ad2v
2!
+ · · ·+
adc−1v
(c− 1)!
is well defined and is an automorphism of Lm,c. The set of all such automorphisms
forms a normal subgroup of the group of all automorphisms Aut(Lm,c) of Lm,c. This
group is called the inner automorphism group of Lm,c and is denoted by Inn(Lm,c).
The factor group Aut(Lm,c)/Inn(Lm,c) is called the outer automorphism group
of Lm,c and is denoted by Out(Lm,c). The automorphism group Aut(Lm,c) is a
semidirect product of the normal subgroup IA(Lm,c) of the automorphisms which
induce the identity map modulo the commutator ideal of Lm,c and the general linear
group GLm(K). Since Inn(Lm,c) ⊂ IA(Lm,c), for the description of Out(Lm,c) =
Aut(Lm,c)/Inn(Lm,c) it is sufficient to know only IA(Lm,c)/Inn(Lm,c).
Let R be an algebra over a field K of characteristic 0. We consider the topology
on R induced by the series R ⊇ R2 ⊇ R3 ⊇ · · · . This is the topology in which the
sets r + Rk, r ∈ R, k ≥ 1, form a basis for the open sets. It is called the formal
power series topology on R.
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Let Fm = Lm/L
′′
m be the free metabelian Lie algebra of rank m. We shall denote
the free generators of Fm with the same symbols y1, . . . , ym as the free generators
of Lm,c, but now yi = xi + L
′′
m, i = 1, . . . ,m. It is well known, see e.g. [Ba], that
[yi1 , yi2 , yiσ(i3) , . . . , yiσ(k) ] = [yi1 , yi2 , yi3 , . . . , yik ],
where σ is an arbitrary permutation of 3, . . . , k and that F ′m has a basis consisting
of all
[yi1 , yi2 , yi3 , . . . , yik ], 1 ≤ ij ≤ m, i1 > i2 ≤ i3 ≤ · · · ≤ ik.
Let (Fm)(k) be the subspace of Fm spanned by all monomials of total degree k in
y1, . . . , ym. We consider the formal power series topology on Fm. The completion
F̂m of Fm with respect to this topology may be identified with the complete direct
sum
⊕̂
i≥1(Fm)(i). The elements f ∈ F̂m are formal power series
f = f1 + f2 + · · · , fi ∈ (Fm)(i), i = 1, 2, . . . .
The composition of two inner automorphisms in Inn(Lm,c) is also an inner auto-
morphism. It can be obtained by the Baker-Campbell-Hausdorff formula which
gives the solution z of the equation ez = ex ·ey for non-commuting x and y, see e.g.
[Bo] and [Se]. If x, y are the generators of the free associative algebra A = K〈x, y〉,
then
z = x+ y +
[x, y]
2
−
[x, y, x]
12
+
[x, y, y]
12
−
[x, y, x, y]
24
+ · · ·
is a formal power series in the completion Â with respect to the formal power series
topology. The homogeneous components of z are Lie elements. Hence, studying the
inner and the outer automorphisms of Lm,c, it is convenient to work in the comple-
tion F̂m and to study the groups of its inner automorphisms and of its continuous
outer automorphisms. Working in the algebra F2 = L2/L
′′
2 with generators y1 = x,
y2 = y, the element z ∈ F̂2 in the Baker-Campbell-Hausdorff formula has the form
z = x+ y +
∑
a,b≥0
cab[x, y, x, . . . , x︸ ︷︷ ︸
a
, y, . . . , y︸ ︷︷ ︸
b
] = x+ y +
∑
a,b≥0
cab[x, y]ad
axadby
= x+ y + [x, y]c(adx, ady),
where
c(t, u) =
∑
a,b≥0
cabt
aub ∈ Q[[t, u]].
Gerritzen [G] found a nice description of the formal power series in commuting
variables c(t, u) which corresponds to z ∈ F̂2. Further we shall use it to obtain
an expression of the composition of inner automorphisms in F̂m. We present a
slightly modified version of the result of Gerritzen due to the fact that he uses right
normed commutators (and not left normed commutators as we do). Recall that F2
is isomorphic to the Lie subalgebra generated by x and y in the associative algebra
A/C2, where C = A[A,A]A is the commutator ideal of A = K〈x, y〉.
Proposition 1. (Gerritzen [G]) If z ∈ F̂2 is the solution of the equation e
z = ex ·ey
in the algebra Â/C2, then
z = x+ y + [x, y]c(adx, ady),
where
c(t, u) =
euh(t)− h(u)
et+u − 1
∈ K[[t, u]], h(v) =
ev − 1
v
∈ K[[v]].
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Proof. Following Gerritzen [G], ifDv is the derivation of the free metabelian algebra
F2 defined by Dv(u) = [v, u], u ∈ F2, then the solution z ∈ F̂2 of the equation
ez = ex · ey has the form
z = x+ y +H0(Dx, Dy)[x, y],
where
H0(t, u) =
h(−t)− h(u)
e−t − eu
, h(v) =
ev − 1
v
.
Since Dx = −adx and Dy = −ady, we obtain
z = x+y+H0(Dx, Dy)[x, y] = x+y+[x, y]H0(−adx,−ady) = x+y+[x, y]c(adx, ady),
c(t, u) = H0(−t,−u) =
h(t)− h(−u)
et − e−u
=
euh(t)− h(u)
et+u − 1
after easy computations. 
Pay attention that both the nominator and the denominator of c(t, u) are divis-
ible by t + u. After the cancellation of the common factor t + u the denominator
becomes an invertible element of K[[t, u]].
Now we collect the necessary information about wreath products, Jacobian ma-
trices and formal power series. For details and references see e.g. [BD]. Let
K[t1, . . . , tm] be the (commutative) polynomial algebra over K freely generated by
the variables t1, . . . , tm and let Am and Bm be the abelian Lie algebras with bases
{a1, . . . , am} and {b1, . . . , bm}, respectively. Let Cm be the free right K[t1, . . . , tm]-
module with free generators a1, . . . , am. We give it the structure of a Lie alge-
bra with trivial multiplication. The abelian wreath product AmwrBm is equal
to the semidirect sum Cm ⋋ Bm. The elements of AmwrBm are of the form∑m
i=1 aifi(t1, . . . , tm) +
∑m
i=1 βibi, where fi are polynomials in K[t1, . . . , tm] and
βi ∈ K. The multiplication in AmwrBm is defined by
[Cm, Cm] = [Bm, Bm] = 0,
[aifi(t1, . . . , tm), bj] = aifi(t1, . . . , tm)tj , i, j = 1, . . . ,m.
Hence AmwrBm is a metabelian Lie algebra and every mapping {y1, . . . , ym} →
AmwrBm can be extended to a homomorphism Fm → AmwrBm. As a special
case of the embedding theorem of Shmel’kin [Sh], the homomorphism ε : Fm →
AmwrBm defined by ε(yi) = ai + bi, i = 1, . . . ,m, is a monomorphism. If
f =
∑
[yi, yj ]fij(ady1, . . . , adym), fij(t1, . . . , tm) ∈ K[t1, . . . , tm],
then
ε(f) =
∑
(aitj − ajti)fij(t1, . . . , tm).
The next lemma follows from [Sh], see also [BD].
Lemma 2. The element
∑m
i=1 aifi(t1, . . . , tm) of Cm belongs to ε(F
′
m) if and only
if
∑m
i=1 tifi(t1, . . . , tm) = 0.
The embedding of Fm into AmwrBm allows to introduce partial derivatives in
Fm with values in K[t1, . . . , tm]. If f ∈ Fm and
ε(f) =
m∑
i=1
βibi +
m∑
i=1
aifi(t1, . . . , tm), βi ∈ K, fi ∈ K[t1, . . . , tm],
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then
∂f
∂yi
= fi(t1, . . . , tm).
The Jacobian matrix J(φ) of an endomorphism φ of Fm is defined as
J(φ) =
(
∂φ(yj)
∂yi
)
=

∂φ(y1)
∂y1
· · · ∂φ(ym)
∂y1
...
. . .
...
∂φ(y1)
∂ym
· · · ∂φ(ym)
∂ym
 ∈Mm(K[t1, . . . , tm]),
where Mm(K[t1, . . . , tm]) is the associative algebra of m×m matrices with entries
from K[t1, . . . , tm]. Let IE(Fm) be the multiplicative semigroup of all endomor-
phisms of Fm which are identical modulo the commutator ideal F
′
m. Let Im be the
identity m×m matrix and let S be the subspace of Mm(K[t1, . . . , tm]) defined by
S =
{
(fij) ∈Mm(K[t1, . . . , tm]) |
m∑
i=1
tifij = 0, j = 1, . . . ,m
}
.
Clearly Im+S is a subsemigroup of the multiplicative group ofMm(K[t1, . . . , tm]).
The completion with respect to the formal power series topology of AmwrBm is the
semidirect sum Ĉm ⋋Bm, where
Ĉm =
m⊕
i=1
aiK[[t1, . . . , tm]].
If φ ∈ IE(F̂m), then J(φ) = Im + (sij), where sij ∈ K[[t1, . . . , tm]]. It is easy to
check that if φ, ψ ∈ IE(F̂m) then J(φψ) = J(φ)J(ψ). The following proposition is
well known, see e.g. [BD].
Proposition 3. The map J : IE(Fm) → Im + S defined by φ → J(φ) is an
isomorphism of the semigroups IE(Fm) and Im + S. It extends to an isomorphism
between the group IE(F̂m) = IA(F̂m) of continuous IA- automorphisms of F̂m and
the multiplicative group Im + Ŝ.
2. Main Results
In this section we give a formula for the multiplication of inner automorphisms
of F̂m. We also find the explicit form of the Jacobian matrix of the inner auto-
morphisms of F̂m and of the coset representatives of the continuous outer automor-
phisms in IOut(F̂m). Finally we transfer the obtained results to the algebra Lm,c
and obtain the description of Inn(Lm,c) and IOut(Lm,c).
Let Inn(F̂m) denote the set of all inner automorphisms of F̂m which are of the
form exp(adu), u ∈ F̂m. Our first goal is to give a multiplication rule for Inn(F̂m).
For u ∈ F̂m we fix the notation u = u + u0, where u is the linear component of u
and u0 ∈ F̂ ′m.
Theorem 4. Let u, v ∈ F̂m. Then the solution w = w(u, v) ∈ F̂m of the equation
exp(adu) · exp(adv) = exp(adw) is
w = H(u, v) + u0(1 + (adv)c(adu, adv)) + v0(1− (adu)c(adu, adv)),
where
H(u, v) = u+ v + [u, v]c(adu, adv),
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c(t1, t2) =
et2h(t1)− h(t2)
et1+t2 − 1
, h(t) =
et − 1
t
.
Proof. The adjoint operator ad : F̂m → EndK F̂m is a Lie algebra homomorphism.
The algebra ad(F̂m) is metabelian, as a homomorphic image of F̂m. Hence we may
apply the formula of Gerritzen from Proposition 1 for x = adu, y = adv, z = adw.
Therefore
adw = adu+ adv + [adu, adv]c(ad(adu), ad(adv))
= adu+ adv + ad([u, v]c(adu, adv)).
Since the algebra F̂m has no centre, the adjoint representation is faithful and
w = u+ v + [u, v]c(adu, adv).
The metabelian low gives that
[u, v]c(adu, adv) = [u+ u0, v + v0]c(ad(u + u0), ad(v + v0))
= ([u, v] + [u0, v]− [v0, u])c(adu, adv),
w = (u + u0) + (v + v0) + ([u, v] + [u0, v]− [v0, u])c(adu, adv)
= H(u, v) + u0(1 + (adv)c(adu, adv)) + v0(1− (adu)c(adu, adv)).

Our next objective is to give the explicit form of the Jacobian matrix of the inner
automorphisms of F̂m.
Theorem 5. Let u = u+ u0 ∈ F̂m, where
u =
m∑
r=1
cryr, cr ∈ K, r = 1, . . . ,m,
is the linear component of u and
u0 =
∑
p>q
[yp, yq]hpq(adyq, . . . , adym).
Then
J(exp(adu)) = J(exp(adu)) +D0T = Im + (D +D0)T,
D =
(
∂[yj, u]
∂yi
)
, D0 =
(
∂[yj, u0]
∂yi
)
,
T =
∑
k≥0
tk
(k + 1)!
, t =
m∑
r=1
crtr.
More precisely
D =

c2t2 + c3t3 + · · ·+ cmtm −c1t2 · · · −c1tm
−c2t1 c1t1 + c3t3 + · · ·+ cmtm · · · −c2tm
...
...
. . .
...
−cmt1 −cmt2 · · ·
∑m−1
k=1 cktk
 ,
D0 =

−t1f1 −t2f1 · · · −tmf1
−t1f2 −t2f2 · · · −tmf2
...
...
. . .
...
−t1fm −t2fm · · · −tmfm
 ,
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where
fi =
∑
p>q
∂ ([yp, yq]hpq(adyq, . . . , adym))
∂yi
=
i−1∑
q=1
tqhiq(tq, . . . , tm)−
m∑
p=i+1
tphpi(ti, . . . , tm).
Proof. If u = u+ u0, then
exp(adu)(yj) = yi + [yj , u]
∑
k≥0
(adu)k
(k + 1)!
, j = 1, . . . ,m,
because u0 ∈ F̂m and adu0 acts trivially on the commutator ideal of F̂m. Hence
exp(adu)(yj) = yi + [yj, u+ u0]
∑
k≥0
(adu)k
(k + 1)!
= yi + [yj , u]
∑
k≥0
(adu)k
(k + 1)!
+ [yj , u0]
∑
k≥0
(adu)k
(k + 1)!
= exp(adu)(yj) + [yj , u0]
∑
k≥0
(adu)k
(k + 1)!
.
Easy calculations give
∂ exp(adu)(yj)
∂yi
= δij +
∂[yj, u]
∂yi
∑
k≥0
tk
(k + 1)!
,
∂
∂yi
[yj , u0]
∑
k≥0
(adu)k
(k + 1)!
=
∂[yj, u0]
∂yi
∑
k≥0
tk
(k + 1)!
,
i, j = 1, . . . ,m, t =
m∑
p=1
cptp,
where δij is Kronecker symbol. This gives the expression
J(exp(adu)) = Im + (D +D0)T, T =
∑
k≥0
tk
(k + 1)!
,
D =
(
∂[yj, u]
∂yi
)
, D0 =
(
∂[yj , u0]
∂yi
)
.
Since
∂[yj, u]
∂yi
=
∂
∂yi
[
yj,
m∑
r=1
cryr
]
=
∂
∂yi
∑
r 6=j
cr[yj , yr] =
{∑
r 6=j crtr i = j,
−citj i 6= j,
we obtain the desired form of the matrix D. Further,
[yj, u0] = −
(∑
p>q
[yp, yq]hpq(adyq, . . . , adym)
)
adyj
∂[yj , u0]
∂yi
= −tj
∑
p>q
∂[yp, yq]
∂yi
hpq(tq, . . . , tm),
∂[yp, yq]
∂yi
=

tq p = i,
−tp q = i,
0 p, q 6= i,
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∂[yj , u0]
∂yi
= −tjfi(t1, . . . , tm),
fi(t1, . . . , tm) =
i−1∑
q=1
tqhiq(tq, . . . , tm)−
m∑
p=i+1
tphpi(ti, . . . , tm).
In this way we obtain the explicit form of the matrix D0. 
Now we shall find the coset representatives of the normal subgroup Inn(F̂m)
of the group IA(F̂m) of IA-automorphisms F̂m, i.e., we shall find a set of IA-
automorphisms θ of F̂m such that the factor group IOut(F̂m) = IA(F̂m)/Inn(F̂m)
of the outer IA-automorphisms of F̂m is presented as the disjoint union of the cosets
Inn(F̂m)θ.
Theorem 6. Let Θ be the set of automorphisms θ of F̂m with Jacobian matrix of
the form
J(θ) = Im +

s(t2, . . . , tm) f12 · · · f1m
t1q2(t2, t3, . . . , tm) + r2(t2, . . . , tm) f22 · · · f2m
t1q3(t3, . . . , tm) + r3(t2, . . . , tm) f32 · · · f3m
...
...
. . .
...
t1qm(tm) + rm(t2, . . . , tm) fm2 · · · fmm
 ,
where s, qi, ri, fij ∈ K[[t1, . . . , tm]] are formal power series without constant terms
and satisfy the conditions
s+
m∑
i=2
tiqi = 0,
m∑
i=2
tiri = 0,
m∑
i=1
tifij = 0, j = 2, . . . ,m,
ri = ri(t2, . . . , tm), i = 2, . . . ,m, does not depend on t1, qi(ti, . . . , tm), i = 2, . . . ,m,
does not depend on t1, . . . , ti−1 and f12 does not contain a summand dt2, d ∈
K. Then Θ consists of coset representatives of the subgroup Inn(F̂m) of the group
IA(F̂m) and IOut(F̂m) is a disjoint union of the cosets Inn(F̂m)θ, θ ∈ Θ.
Proof. Let A = Im + (fij) ∈ Im + Ŝ,
f11 = s, fi1 = t1qi + ri, i = 2, . . . ,m,
be an m×m matrix satisfying the conditions of the theorem. The equation
s+
m∑
i=2
tiqi = 0
implies that
t1s+
m∑
i=2
ti(t1qi) = 0.
Hence By Lemma 2 gives that there exists an f1 in the commutator ideal of F̂m
such that
∂f1
∂y1
= s,
∂f1
∂yi
= t1qi, i = 2, . . . ,m.
Similarly, the conditions
m∑
i=2
tiri = 0,
m∑
i=1
tifij = 0, j = 2, . . . ,m,
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imply that there exist f ′1, fj , j = 2, . . . ,m, in F̂
′
m with
∂f ′1
∂y1
= 0,
∂f ′1
∂yi
= ri, i = 2, . . . ,m,
∂fj
∂yi
= fij , i = 1, . . . , j, j = 2, . . . ,m.
This means that A is the Jacobian matrix of a certain IA-automorphism of F̂m.
Now we shall show that for any ψ ∈ IA(F̂m) there exists an inner automorphism
φ = exp(adu) ∈ Inn(F̂m) and an automorphism θ in Θ such that ψ = exp(adu) · θ.
Let ψ be an arbitrary element of IA(F̂m) and let
ψ(y1) = y1 +
∑
k>l
[yk, yl]fkl(adyl, . . . , adym),
ψ(y2) = y2 +
∑
k>l
[yk, yl]gkl(adyl, . . . , adym),
where fkl = fkl(tl, . . . , tm), gkl = gkl(tl, . . . , tm) ∈ K[[t1, . . . , tm]]. Let us denote
the m× 2 matrix consisting of the first two columns of J(ψ) by J(ψ)2. Then J(ψ)2
is of the form
J(ψ)2 =

1− t2f21 − t3f31 − · · · − tmfm1 −t2g21 − t3g31 − · · · − tmgm1
t1f21 − t3f32 − · · · − tmfm2 1 + t1g21 − t3g32 − · · · − tmgm2
t1f31 + t2f32 − · · · − tmfm3 ∗
...
...
t1fm1 + · · ·+ t(m−1)fm(m−1) ∗
 ,
where we have denoted by ∗ the corresponding entries of the second column of the
Jacobian matrix of ψ. Let
c1 = −g21(0, . . . , 0), ck = fk1(0, . . . , 0), k = 2, . . . ,m,
and let us define
φ0 = exp(adu), u =
m∑
i=1
ciyi.
Then
J(φ0) = Im +

∑
i6=1 citi −c1t2 · · · −c1tm
−c2t1
∑
i6=2 citi · · · −c2tm
−c3t1 −c3t2 · · · −c3tm
...
...
. . .
...
−cmt1 −cmt2 · · ·
∑
i6=m citi
+B0,
where the entries of the m×m matrix B0 are elements of K[[t1, . . . , tm]] which do
not contain constant and linear terms. Hence
J(φ0ψ)2 =

1 + t1s1(t1, . . . , tm) + s2(t2, . . . , tm) g(t̂2)
t21p2(t1, . . . , tm) + t1q2(t2, . . . , tm) + r2(t2, . . . , tm) ∗
t21p3(t1, . . . , tm) + t1q3(t2, . . . , tm) + r3(t2, . . . , tm) ∗
...
...
t21pm(t1, . . . , tm) + t1qm(t2, . . . , tm) + rm(t2, . . . , tm) ∗
 ,
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where t1s1(t1, . . . , tm) and s2(t2, . . . , tm) have no linear terms, and g(t̂2) does not
contain a summand of the form dt2, d ∈ K. In the first column of J(φ0ψ)2 we have
collected the components t21pi divisible by t
2
1, then the components t1qi divisible by
t1 only (but not by t
2
1) and finally the components ri which do not depend on t1,
i = 2, . . . ,m. By Lemma 2 we obtain
t21(s1 + t2p2 + · · ·+ tmpm) = 0,
t1(s2 + t2q2 + · · ·+ tmqm) = 0,
t2r2 + · · ·+ tmrm = 0.
Let us define Ts = {ts, . . . , tm} and rewrite J(φ0ψ)2 as
J(φ0ψ)2 =

1− t1t2p2 − · · · − t1tmpm − t2q2 − · · · − tmqm g(t̂2)
t21p2 + t1q2(T2) + r2(T2) ∗
t21p3 + t1q3(T2) + r3(T2) ∗
...
...
t21pm + t1qm(T2) + rm(T2) ∗
 ,
Now we define
φ1 = exp(adu1), u1 =
m∑
i=2
[yi, y1]pi(ady1, . . . , adym).
The Jacobian matrix of φ1 has the form
J(φ1) = Im +

t1
∑
i6=1 tipi t2
∑
i6=1 tipi · · · tm
∑
i6=1 tipi
−t21p2 −t1t2p2 · · · −t1tmp2
...
...
. . .
...
−t21pm −t1t2pm · · · −t1tmpm
 .
The element u1 belongs to the commutator ideal of F̂m and the linear operator
adu1 acts trivially on F̂ ′m. Hence exp(adu1) is the identity map restricted on F̂
′
m.
Since the automorphism φ0ψ is IA, we obtain that
φ0ψ(yj) ≡ yj (mod F̂ ′m), φ1(φ0ψ(yj)) = φ0ψ(yj) + yjadu1.
Easy calculations give that
J(φ1φ0ψ)2 =

1− t2p2 − · · · − tmpm g(t̂2)
t1q2(T2) + r2(T2) ∗
t1q3(T2) + r3(T2) ∗
...
...
t1qm(T2) + rm(T2) ∗
 .
Now we write qi(T2) in the form
qi(T2) = t2q
′
i(T2) + q
′′
i (T3), i = 3, . . . ,m,
and define
φ2 = exp(adu2), u2 =
m∑
i=3
[yi, y2]q
′
i(ady2, . . . , adym).
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Then we obtain that
J(φ2φ1φ0ψ)2 =

1− t2p2 − · · · − tmpm g(t̂2)
t1Q2(T2) + r2(T2) ∗
t1q
′′
3 (T3) + r3(T2) ∗
...
...
t1q
′′
m(T3) + rm(T2) ∗
 ,
Q2(T2) = q2(T2)−
m∑
i=3
tiq
′
i(T2).
Repeating this process we construct inner automorphisms φ3, . . . , φm−1 such that
θ = φm−1 · · ·φ2φ1φ0ψ,
J(φm−1 · · ·φ2φ1φ0ψ)2 =

1 + s(T2) g(t̂2)
t1Q2(T2) + r2(T2) ∗
t1Q3(T3) + r3(T2) ∗
...
...
t1Qm(Tm) + rm(T2) ∗
 ,
s(T2) = −t2p2(T2)− · · · − tmpm(T2).
Hence, starting from an arbitrary coset of IA-automorphisms Inn(F̂m)ψ, we found
that it contains an automorphism θ ∈ Θ with Jacobian matrix prescribed in
the theorem. Now, let θ1 and θ2 be two different automorphisms in Θ with
Inn(F̂m)θ1 = Inn(F̂m)θ2. Hence, there exists a nonzero element u ∈ F̂m such
that θ1 = exp(adu)θ2. Direct calculations show that this is in contradiction with
the form of J(θ1). 
Example 7. When m = 2 the results of Theorems 5 and 6 have the following
simple form. If u = u+ u0,
u = c1y1 + c2y2, u0 = [y2, y1]h(ady1, ady2), h(t1, t2) ∈ K[[t1, t2]],
then the Jacobian matrix of the inner automorphism exp(adu) is
J(exp(adu)) = I2 +
(
(c2 + t1h)t2 (−c1 + t2h)t2
−(c2 + t1h)t1 −(−c1 + t2h)t1
)∑
k≥0
(c1t1 + c2t2)
k
(k + 1)!
.
The Jacobian matrix of the outer automorphism θ ∈ Θ is
J(θ) =
(
t2f1(t2) t2f2(t1, t2)
−t1f1(t2) −t1f2(t1, t2)
)
, f2(0, 0) = 0.
Recall that the augmentation ideal ω of the polynomial algebra K[t1, . . . , tm]
consists of the polynomials without constant terms and its completion ω̂ is the ideal
of K[[t1, . . . , tm]] of all formal power series without constant terms. The elements
of the commutator ideal of the free metabelian nilpotent of class c Lie algebra Lm,c
are of the form
u0 =
∑
p>q
[yp, yq]hpq(adyq, . . . , adym),
where hpq(tq, . . . , tm) belongs to the factor algebra K[t1, . . . , tm]/ω
c−1 and may
be identified with a polynomial of degree ≤ c − 2. The partial derivative ∂u/∂xi
belongs toK[t1, . . . , tm]/ω
c and may be considered as a polynomial of degree≤ c−1.
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Similarly, the Jacobian matrix of an endomorphism of Fm,c is considered modulo
the ideal Mm(ω
c) of Mm(K[t1, . . . , tm]).
As a consequence of our Theorems 5 and 6 for Inn(F̂m) and IOut(F̂m) we imme-
diately obtain the description of the groups of inner and outer automorphisms of
Lm,c. We shall give the results for the Jacobian matrices only. The multiplication
rule for the group Inn(Lm,c) from Theorem 4 can be stated similarly.
Corollary 8. (i) Let u = u+ u0 ∈ Lm,c, where
u =
m∑
r=1
cryr, cr ∈ K, r = 1, . . . ,m,
is the linear component of u and
u0 =
∑
p>q
[yp, yq]hpq(adyq, . . . , adym), hpq(t1, . . . , tm) ∈ K[t1, . . . , tm]/ω
c−1.
Then the Jacobian matrix of the inner automorphism exp(adu) is
J(exp(adu)) = J(exp(adu)) +D0T ≡ Im + (D +D0)T (mod Mm(ω
c)),
D =
(
∂[yj , u]
∂yi
)
, D0 ≡
(
∂[yj, u0]
∂yi
)
(mod Mm(ω
c)),
T =
c−1∑
k=0
tk
(k + 1)!
, t =
m∑
r=1
crtr.
(ii) The automorphisms with the following Jacobian matrices are coset represen-
tatives of the subgroup Inn(Lm,c) of the group IA(Lm,c):
J(θ) = Im +

s(t2, . . . , tm) f12 · · · f1m
t1q2(t2, t3, . . . , tm) + r2(t2, . . . , tm) f22 · · · f2m
t1q3(t3, . . . , tm) + r3(t2, . . . , tm) f32 · · · f3m
...
...
. . .
...
t1qm(tm) + rm(t2, . . . , tm) fm2 · · · fmm
 ,
where s, qi, ri, fij ∈ ω/ω
c, i.e., are polynomials of degree ≤ c − 1 without constant
terms. They satisfy the conditions
s+
m∑
i=2
tiqi ≡ 0,
m∑
i=2
tiri ≡ 0,
m∑
i=1
tifij ≡ 0 (mod ω
c+1), j = 2, . . . ,m,
ri = ri(t2, . . . , tm), i = 1, . . . ,m, does not depend on t1, qi(ti, . . . , tm), i = 2, . . . ,m,
does not depend on t1, . . . , ti−1 and f12 does not contain a summand dt2, d ∈ K.
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